Abstract. We show that the subgroup of the Picard group of a p-block of a finite group given by bimodules with endopermutation sources modulo the automorphism group of a source algebra is determined locally in terms of the fusion system on a defect group. We show that the Picard group of a block over the a complete discrete valuation ring O of characteristic zero with an algebraic closure k of Fp as residue field is a colimit of finite Picard groups of blocks over p-adic subrings of O. We apply the results to blocks with an abelian defect group and Frobenius inertial quotient, and specialise this further to blocks with cyclic or Klein four defect groups.
Introduction
Throughout the paper, p is a prime number. Let O be a complete local principal ideal domain with residue field k of characteristic p. Assume that either O = k or that O has characteristic zero. By a block of OG for G a finite group we mean a primitive idempotent of the center of the group algebra OG. For B an O-algebra, we denote by Pic(B) the Picard group of B; that is, Pic(B) is the group of isomorphism classes of (B, B)-bimodules inducing a Morita equivalence, with group product induced by the tensor product over B. If B is symmetric (that is, B is free of finite rank as an O-module and B is isomorphic to its O-dual B * as a (B, B)-bimodule) and if M is a (B, B)-bimodule inducing a Morita equivalence, then the inverse of its isomorphism class [M ] in Pic(B) is the class [M * ] of the O-dual M * of M . If G is a finite group, then OG and the block algebras of OG are symmetric.
Let G, H be finite groups, and let b, c be blocks of OG, OH, respectively. We say that a Morita equivalence between OGb and OHc has endopermutation source if it is given by an (OGb, OHc)-bimodule M which has an endopermutation OR-module as a source for some vertex R of M , where M is regarded as an O(G × H)-module. By [28, 7.4, 7.6 ], a Morita equivalence between OGb and OHc with endopermutation source induces an isomorphism α : P ∼ = Q between defect groups P and Q of b and c, respectively, such that the twisted diagonal subgroup ∆α = {(x, α(x)) | x ∈ P } is a vertex of M . Moreover, α induces an isomorphism between fusion systems of b and of c on P and Q, respectively (for some suitable choice of maximal Brauer pairs). Set B = OGb. By [36, Proposition 9] , the Morita equivalences on B with endopermutation source form a subgroup of Pic(B), which we will denote by E(B). We denote by L(B) the subgroup of E(B) of Morita equivalences given by bimodules with linear source, and by T (B) the subgroup of L(B) of Morita equivalences given by bimodules with trivial source (the fact that these are subgroups follows from 2.6 below). If A is a source algebra of a block with defect group P , we denote by Aut P (A) the group of algebra automorphisms of A which fix the image of P in A elementwise, and by Out P (A) the quotient of Aut P (A) by the subgroup of inner automorphisms induced by conjugation with elements in (A P ) × . Let P be a finite p-group and V an endopermutation OP -module having an indecomposable direct summand with vertex P . By results of Dade [9] , the indecomposable direct summands of V with vertex P are all isomorphic. For any subgroup Q of P , denote by V Q an indecomposable direct summand of Res P Q (V ) with vertex Q. The tensor product of two indecomposable endopermutation OPmodules with vertex P has an indecomposable direct summand with vertex P ; this induces an abelian group structure on the set of isomorphism classes of indecomposable endopermutation OP -modules. The resulting group is denoted D O (P ), called the Dade group of P over O.
Let F be a saturated fusion system on P . We denote by foc(F ) the subgroup of P generated by elements of the form ϕ(x)x −1 , where x ∈ P and ϕ ∈ Hom F ( x , P ). Slightly modifying the terminology in [21, 3.3] we say that an endopermutation OPmodule V having an indecomposable direct summand with vertex P is F -stable if for every isomorphism ϕ : Q → R in F between two subgroups Q, R of P we have [21, 3.3] this would be the definition of F -stability for the class of V in D(P )). Here ϕ V R is the OQ-module which is equal to V R as an O-module, with x ∈ Q acting as ϕ(x) on V R . The isomorphism classes of F -stable indecomposable endopermutation OP -modules with vertex P form a subgroup of D(P ), denoted D(P, F ). See [21] for more details. The fusion stable linear characters of P form a subgroup of D O (P, F ) which we identify with the group Hom(P/foc(F ), O × ). We set Out F (P ) = Aut F (P )/Inn(P ). Following the notation introduced in [1, 1.13], we denote by Aut(P, F ) the group of automorphisms of P which stabilise F and set Out(P, F ) = Aut(P, F )/Aut F (P ). The group Aut(P ) acts on D O (P ), with Inn(P ) acting trivially. This action restricts to an action of Aut(P, F ) on the subgroup D O (P, F ) of D O (P ), with Aut F (P ) acting trivially on that subgroup, and hence inducing an action of Out(P, F ) on D O (P, F ) and its torsion subgroup D t O (P, F ). Again by [28, 7.6] , Morita equivalences with an endopermutation source have sources which are stable with respect to the involved fusion systems. The assumption that the residue field k is large enough in the statements below implies that the fusion systems of the blocks are saturated. Theorem 1.1. Let G be a finite group and O be a complete local principal ideal domain with residue field k of characteristic p such that k is large enough for all subgroups of G. Let b a block of OG with defect group P and source idempotent i in (OGb) P . Set A = iOGi and B = OGb. Denote by F the fusion system on P determined by A. [26, 14.9] , the group Out P (A) is canonically isomorphic to a subgroup of the finite abelian p ′ -group Hom(E, k × ), where E ∼ = Out F (P ) is the inertial quotient of b. (b) We have a canonical embedding Out P (A) → Pic(B) given by the correspondence sending α ∈ Aut P (A) to the (B, B)-bimodule OGi α ⊗ A iOG. By a result due independently to Scott [31] and Puig [28] , the image of the group Out P (A) in Pic(B) under this embedding is the subgroup of Pic(B) given by invertible bimodules which are summands of OGi ⊗ OP iOG; that is, invertible trivial source bimodules with diagonal vertex ∆P arising in statement (i) with V = O and ϕ = Id P . See for instance [17, 4.1] for a proof of this fact (which we will use repeatedly). 
Remark 1.2. (a) By a result of Puig
) and L(B), and Φ restricts to the identity on this subgroup. (e) Theorem 1.1 applies to O = k. In general, the canonical map E(B) → E(k⊗ O B) is surjective (by [12, Theorem 1.13]), and its kernel is Hom(P/foc(F ), O × ).
(f ) If P is abelian, then Out(P, F ) = N Aut(P ) (E)/E, where E = Aut F (P ). We will use this identification in the statement of the next result.
Combining results of Puig [27] , Zhou [36] , Hertweck and Kimmerle [11] , and Carlson and Rouquier [4] yields the following result. Unlike Theorem 1.1, the remaining results in this section require O to have characteristic zero. Theorem 1.3. Let G be a finite group. Suppose that char(O) = 0 and that the residue field k is a splitting field for the subgroups of G. Let b a block of OG with a nontrivial abelian defect group P . Set B = OGb, let i be a source idempotent in B P , and set A = iBi. Denote by E the inertial quotient of of B associated with the choice of i, regarded as a subgroup of Aut(P ), and suppose that E is nontrivial cyclic and acts freely on P \ {1}. Set N E = N Aut(P ) (E)/E. We have Pic(B) = E(B), and there is an injective group homomorphism Ψ : Pic(B) → Hom(E, k × ) ⋊ N E which makes the following diagram with exact rows commutative:
where the top row is from Theorem 1.1, the bottom row is the canonical exact sequence, the left vertical arrow is the canonical embedding, and the right vertical map is the canonical surjection with kernel
There is no loss of generality in assuming that E is nontrivial: if E is trivial, then B is nilpotent, hence Morita equivalent to OP . See the Example 7.1 below for more details. Note that the image of Φ need not be contained in the group N E = N Aut(P ) (E)/E since E(B) need not be equal to T (B). Theorem 1.3 will be proved in Section 4.
For the sake of completeness, we describe the Picard groups for blocks with a cyclic or Klein four defect group over O with char(O) = 0, since these two cases have some additional properties. This is for the most part well-known and a combination of various results in the literature, such as [30] , [34] , [15, 4.3, 5.6, 5.8] The fusion system F on P determined by i in the above theorem is equal to that of the group P ⋊ E. Since the automorphism group of P is abelian, it follows that Out(P, F ) = Aut(P )/E. If O has characteristic zero and if two blocks with cyclic defect groups are Morita equivalent, then there is a Morita equivalence with endopermutation source, and hence Theorem 1.4 implies that any Morita equivalence between blocks over O with cyclic defect groups has endopermutation source. We have similar results for Klein four defect groups. 
if B is Morita equivalent to the principal block of OA 5 , then
In Theorem 1.5, since B is not nilpotent, the fusion system F of B on P is that of the group A 4 ∼ = P ⋊ C 3 , and Out(P, F ) ∼ = S 3 /C 3 ∼ = C 2 . Using the classification of finite simple groups via [6] , it follows that every Morita equivalence between two non-nilpotent blocks over O with Klein four defect groups has trivial source, and any Morita equivalence between two nilpotent blocks with Klein four defect groups has linear source (and there cannot be a Morita equivalence between a nilpotent and non-nilpotent block with Klein four defect groups). The theorems 1.4 and 1.5 will be proved in Section 4.
If O is a p-adic ring, and B a block algebra of a finite group algebra over O, then Pic(B) is known to be finite, (see [8, Theorems (55.19) , (55.25)]). We give an alternative proof of this fact as part of Theorem 6.2 below. If k is an algebraic closure of F p then we do not know whether Pic(B) is finite, but the following result shows that Pic(B) is the colimit of the Picard groups of blocks over some p-adic rings; in particular, Pic(B) is a torsion group. If O is of characteristic zero, by a p-adic subring of O we mean a finite extension R ′ of the p-adic integers contained in O. The p-adic subrings of O form a directed system; the colimit of this system is the union in O of the p-adic subrings. We prove this theorem and related facts in Section 5. It is well known that a result analogous to Theorem 1.6 holds over k; see Lemma 6.5 below. On the other hand, unlike the situation in characteristic zero, if k is algebraically closed then it is known that Picard groups of block algebras over k are not in general finite. In applications below, we will make use of the fact that Q-fixed points in the above sitation are isomorphic to cofixed points. More precisely, with the notation and hypotheses above, one verifies that there is an OP/Q-module isomorphism
, where m ∈ M and Tr Q 1 (m) = y∈Q ym.
Tensoring bimodules with endopermutation source
Some calculations of Picard groups will involve stable equivalences of Morita type and stable Picard groups. We briefly review these notions. Let B, C be symmetric O-algebras with separable semisimple quotients. Following terminology introduced by Broué, we say that a (B, C)-bimodule M induces a stable equivalence of Morita type between B and C, if M is finitely generated projective as a left B-module, as a right C-module, and if we have bimodule isomorphisms op -modules. For P , Q finite groups and ϕ : P → Q a group isomorphism set ∆ϕ = {(x, ϕ(x)) | x ∈ P } .
We write ∆P instead of ∆Id P . We regard an OP -module U as an O∆ϕ-module with (x, ϕ(x)) acting on U as x, where x ∈ P . That is, the action of ∆ϕ on U is determined by the action of the first component of an element in ∆ϕ; this accounts for the slight asymmetry in the statements (i) and (ii) in the next Lemma. If V is an OQ-module, we denote by ϕ V the OP -module which is equal to V as an O-module, such that x ∈ P acts as ϕ(x) on V . We use similar notation for right modules and bimodules. We regard an O(P × Q)-module M as an (OP , OQ)-bimodule via xmy −1 = (x, y) · m, where x ∈ P , y ∈ Q and m ∈ M .
Lemma 2.1. Let P , Q, R be finite groups Let ϕ : P → Q and ψ : Q → R be group isomorphisms. Let V be an OP -module and W an OQ-module. Lemma 2.2. Let P , Q be finite groups and ϕ : P → Q a group isomorphism, and V a finitely generated O-free OP -module. We have an (OP , OP )-bimodule isomorphism Ind
Proof. Induction and duality commute, and hence Ind
, which accounts for the subscript ϕ −1 in the last term in the statement of the Lemma.
Lemma 2.3. Let P be a finite group and ζ : P → O × a group homomorphism. Denote by O ζ the OP -module O with x ∈ P acting by multiplication with ζ(x).
Proof. This is a straightforward verification.
For P , Q finite p-groups, F a fusion system on P and ϕ : P → Q a group isomorphism, we denote by ϕ F the fusion system on Q induced by F via the isomorphism ϕ. That is, for R, S subgroups of P , we have Homϕ
, where we use the same notation ϕ, ϕ −1 for their restrictions to S, ϕ(R), respectively. Lemma 2.4 ([28, 7.6]). Let G, H be finite groups, b, c blocks of OG, OH with nontrivial defect groups P , Q, respectively, and let i ∈ (OGb) P and j ∈ (OHc) Q be source idempotents. Denote by F the fusion system on P of b determined by i, and denote by G the fusion system on Q determined by j. See [20, 9.11 .2] for a proof of the above Lemma using the terminology of the present paper.
Lemma 2.5 (cf. [24] ). Let G be a finite group, b a block of OG, P a defect group of b, and i ∈ (OGb) P a source idempotent. Denote by F the fusion system on P of the block b determined by the choice of i. Let ϕ ∈ Aut(P ). The following are equivalent. Let M be an indecomposable direct summand of the (OGb, OHc)-bimodule 
Proof. Identify P , Q, R via ϕ, ψ; that is, we may assume that ϕ, ψ are the identity maps. With this identification, the groups ∆ϕ and ∆ψ are both equal to ∆P . It follows from Lemma 2.4 that the source idempotents i, j, l of b, c, d, respectively, determine the same fusion system F on P , and that V , W are F -stable.
Clearly M ⊗ OHc N induces a stable equivalence of Morita type, and hence its unique (up to isomorphism) indecomposable nonprojective summand Z induces a stable equivalence of Morita type, and moreover, Z is isomorphic to an indecomposable summand of
Since Z is indecomposable, we may replace the term jOHj in the middle by some indecomposable (OP , OP )-bimodule summand. Since Z must have a vertex of order at least |P |, it follows from Lemma 2.5 that we may choose that bimodule summand of jOHj to be isomorphic to Ind
The fusion stability of W implies that this is isomorphic to
, and hence Lemma 2.5 implies that ǫ lOL ∼ = lOL as (OP , OL)-bimodules. Together it follows that Z is isomorphic to a direct summand of
Since V , W are indecomposable endopermutation OP -modules, it follows that U is up to isomorphism the unique indecomposable direct summand with vertex P of V ⊗ O W . The fact that Z has a vertex of order |P | implies that Z is isomorphic to a direct summand of OGi ⊗ OP Ind
The vertex-source pairs of an indecomposable module over a finite group algebra are unique up to conjugation. For the situation in Lemma 2.4, this translates to the following statement.
Lemma 2.7. Let G, H be finite groups, b, c blocks of OG, OH with nontrivial defect groups P , Q, respectively, and let i ∈ (OGb) P and j ∈ (OHc) Q be source idempotents. Denote by F the fusion system on P of b determined by i, and denote by G the fusion system on Q determined by j. Let M be an indecomposable (OGb, OHc)-bimodule inducing a stable equivalence of Morita type. Let ϕ, ψ : P ∼ = Q be group isomorphisms, let V , W be indecomposable endopermutation OP -modules. Suppose that M is isomorphic to a direct summand of both
Proof. Since OG, OH are symmetric algebras, we have (OGi) * ∼ = iOG as (OP , OG)-bimodules and (jOH) * ∼ = OHj as (OH, OQ)-bimodules. Since the terms in Y are all finitely generated projective as one-sided modules, duality anticommutes with tensor products. We therefore have
By Lemma 2.4 we have 
with vertex P . As an O(G × G)-module, OGb has ∆P as a vertex and a trivial source (for any vertex), and hence U = O. Thus the O(P × P )-module iOGi, and hence also the O(P × P )-module
has an indecomposable direct O(P ×P )-summand isomorphic to Ind P ×P ∆P (O). Lemma 2.5 implies that there are α, β ∈ Aut F (P ) such that
and hence by Lemma 2.1 we have an isomorphism of O(P × P )-modules
Thus ∆P and ∆τ are both vertices of this O(P × P )-module, hence they are conjugate in P × P , and this implies that τ is an inner automorphism of P . But then τ , α, β are all in Aut F (P ), and hence so is ψ
and this module has by the above a trivial summand, forcing W ∼ = V .
Given a block algebra B of a finite group algebra over O, we denote by E(B), L(B), T (B) the subgroups of Pic(B) of isomorphism classes of bimodules inducing a stable equivalence of Morita type, having endopermutation, linear, trivial source, respectively. The canonical group homomorphism Pic(B) → Pic(B) sends the subgroups E(B), L(B), T (B) to E(B), L(B), T (B), respectively. (
Proof. Since M and its dual M * induce a Morita equivalence, it follows that the functor M * ⊗ B − ⊗ B M induces a group isomorphism Pic(B) ∼ = Pic(C). It follows from the hypotheses on M and from Lemma 2.6 that this isomorphism preserves the subgroups determined by Morita equivalences with endopermutation sources, and hence induces a group isomorphism E(B) ∼ = E(C). If V is a Heller translate of O, then V is stable under any automorphism of P , and hence by the Lemmas 2.3 and 2.6, the isomorphism E(B) ∼ = E(C) restricts to isomorphisms L(B) ∼ = L(C) and T (B) ∼ = T (C). The argument for stable equivalences of Morita type is strictly analogous. Lemma 2.7 implies that there is a well-defined map Φ from E(OGb) to D O (F , P )⋊ Out(P, F ) as stated. Lemma 2.6 shows that this map is a group homomorphism. The kernel of Φ consists of all isomorphism classes of bimodules M such that the corresponding pair (V, ϕ) satisfies ϕ ∈ Aut F (P ) and V ∼ = O. Since ϕ iOG ∼ = iOG as (OP , OG)-bimodule whenever ϕ ∈ Aut F (P ), it follows that we may chose ϕ = Id P . Note that Ind Suppose that Φ maps T (B) onto Out(P, F ). Let M be an indecomposable direct summand of OGi ⊗ OP Ind P ×P ∆ϕ (V ) ⊗ OP iOG inducing a Morita equivalence, for some ϕ ∈ Out(P, F ) and some indecomposable endopermutation O∆ϕ-module V (which is then F -stable, when regarded as an OP -module by 2.4). Since Φ is assumed to map T (B) onto Out(P, F ), there is an indecomposable direct bimodule summand N of OGi ⊗ OP Ind P ×P ∆ϕ (O) ⊗ OP iOG inducing a Morita equivalence. Since Φ is a group homomorphism, it follows that U = M ⊗ B N * is a bimodule inducing a Morita equivalence with vertex ∆P and source V , regarded as an OP -module. That is, the image of the class of U under Φ is the class of the pair (V, Id P ), hence contained in the subgroup D O (P, F ). In other words, Φ sends the class of U to the class of V in D O (P, F ). By the above, the group E(B) is finite, and hence the image of V in D O (P, F ) has finite order. This proves (iii), which concludes the proof of Theorem 1.1.
Picard groups of blocks with abelian defect and cyclic Frobenius inertial quotient
In this section we make the blanket assumption that the residue field k is large enough for the finite groups and their subgroups which arise here. This hypothesis is in particular needed for the Theorems 1.3, 1.4, 1.5, whose proofs are given at the end of this section. We need the following result of Puig. . Let G be a finite group, B a block of OG, P a defect group of b, i ∈ B P a source idempotent of B and e the block idempotent of kC G (P ) satisfying Br P (i)e = 0. Suppose that P is nontrivial abelian. Set E = N G (P, e)/C G (P ) and suppose that E acts freely on P \ {1}. Set L = P ⋊ E. 
where we identify Ω(OL) with its image in Pic(OL).
As mentioned at the beginning of Section 2, the cyclic subgroup Ω(OL) is in the center of Pic(OL). We need to determine the structure of Pic(OL). The following result is a slight refinement of results of Y. Zhou [36, Theorem 14] and Hertweck and Kimmerle [11, Theorem 4.6] in the special case where the focal subgroup [P, E] of P in P ⋊ E is equal to P . The proof follows in part that of [15, Lemma 4.2] . As in the aforementioned papers [36] , [11] , [15] , the key step is an application of Weiss' criterion. Proposition 4.3. Let P be a nontrivial abelian p-group and E an abelian p ′ -subgroup of Aut(P ) such that [P, E] = P . Set L = P ⋊ E. Denote by F the fusion system of L on P . Assume that char(O) = 0. Any class in Out(OL) has a representative in Aut(OL) which stabilises the image of P in OL as a set, and any (OL, OL)-bimodule which induces a Morita equivalence has trivial source. We have canonical group isomorphisms
Moreover, the inverse image of N Aut(P ) (E)/E in Out(OL) consists of all classes of automorphisms of OL which stabilise the trivial OL-module.
Proof. Since E is abelian, it follows that the algebra OL is basic, and hence the canonical map Out(OL) → Pic(OL) is a group isomorphism. Since p ′ -roots of unity in k × lift uniquely to roots of unity of the same order in O × , it follows that the canonical map
. Any group homomorphism ζ : E → O × yields an algebra automorphism η of O(P ⋊ E) defined by η(uy) = ζ(y)uy for all u ∈ P and all y ∈ E; in particular, η ∈ Aut P (OL). If ζ is nontrivial, then the OL-module η O is nontrivial, and hence η is not inner. Thus the correspondence ζ → η induces an injective group homomorphism Hom(E, k × ) → Out P (OL), and by [26, 14.9] this is an isomorphism. Note that the above arguments show that nontrivial classes in Out P (OL) do not stabilise the trivial OL-module; we will make use of this fact later.
If α is any algebra automorphism of OL, then α O is a module of rank one, hence corresponds to a group homomorphism ζ : E → O × . Denoting by η the algebra homomorphism as above, it follows that η −1 • α stabilises the trivial O(P ⋊ E)-
is a product of an automorphism in Aut P (OL) and an automorphism which stabilises the trivial module.
It remains to show that the outer automorphism group of OL of automorphisms which stabilise the trivial module is canonically isomorphic to N Aut(P ) (E)/E. If ψ is an automorphism of P which normalises E, then by elementary group theory, ψ extends to a group automorphism of P ⋊ E, hence to an algebra automorphism β of OL which stabilises the trivial module. Moreover, β normalises Out P (OL). The group of outer automorphisms obtained in this way intersects Out P (OL) trivially, as remarked earlier.
By a result of Coleman [5] (or by results of Puig on fusion in block source algebras in [24, Theorem 3.1]), any inner algebra automorphism of O(P ⋊ E) which stabilises P acts on P as some automorphism in E. Therefore β is inner if and only if ψ ∈ E, so the above correspondence yields an injective group homomorphism N Aut(P ) (E)/E → Out(OL), and the image of this homomorphism in Out(OL) normalises Out P (OL) and intersects Out P (OL) trivially.
We need to show that the image of this group homomorphism consists of all classes of automorphisms which stabilise the trivial module, and this is done using Weiss' criterion (see Remark 1.8 above).
Since [P, E] = P , it follows that no nontrivial linear character of P extends to L. Thus every simple kL-module lifts to a unique irreducible character, and the characters arising as lifts of simple kL-modules are precisely the characters having P in their kernel. Again since E is abelian, the left kL-module kE (with P acting trivially) is a direct sum of a set of representatives of the isomorphism classes of simple kL-modules, and hence the OL-module OE, with P acting trivially, is the unique lift (up to isomorphism) of kE to an O-free OL-module. Thus the isomorphism class of OE is stable under any algebra automorphism of OL. Note that OE ∼ = OL ⊗ OP O. Let α ∈ Out(OL). Then the (OP , OP )-bimodule α OL is free as a right OP -module, and we have isomorphisms α OL ⊗ OP O ∼ = α OE ∼ = OE. This is a permutation module as a left OP -module (since P acts in fact trivially on this module). Weiss' criterion implies that α OL is a permutation O(P ×P )-module. As an O(P × L)-module, OL is indecomposable, and hence α OL is indecomposable as well. Thus α OL is a trivial source O(P × L)-module, with a 'twisted diagonal' vertex of the form ∆ϕ for some automorphism ϕ of P . Thus α OL is isomorphic to a direct summand of Ind P ×L ∆ϕ (O) ∼ = ϕ OL, where the last isomorphism sends (u, x) ⊗ 1 to ϕ(u)x −1 for u ∈ P and x ∈ L. Comparing ranks yields an isomorphism α OL ∼ = ϕ OL as (OP , OL)-bimodules. Any such isomorphism is in particular an isomorphism of right OL-modules, hence is induced by left multiplication with an element c in OL × . The fact that this is also a homomorphism of left OP -modules implies that cα(u) = ϕ(u)c for all u ∈ P . Thus after replacing α by its conjugate by c, we may assume that α extends ϕ. Let y ∈ E, and denote by c y the inner automorphism of O(P ⋊ E) given by conjugation with y.
acts on P also as the automorphism given by conjugation with α(y). As before, any inner algebra automorphism of OL which stabilises P acts on P as some automorphism in E. Thus c α(y) acts on P as some element in E, or equivalently, ϕ normalises E. It follows from the above that ϕ extends to a group automorphism of L, which in turn extends to an algebra automorphism β, whose class is by construction in the image of the map N Aut(P ) (E)/E → Out(P ). Since α and β induce the same action as ϕ, it follows that β −1 • α ∈ Aut P (OL). Therefore, if α stabilise the trivial OL-module, so does β −1 • α, and hence β −1 • α is inner. Equivalently, α and β have in that case the same image in Out(OL). The result follows.
This Proposition shows that the last sequence in Theorem 1.1 applied to B = O(P ⋊ E) as above is a split short exact sequence. The hypothesis [P, E] = P is in particular satisfied if E is nontrivial and acts freely on P \ {1}. 
where the last equality uses the fact that Pic(OL) = T (OL) from Proposition 4.3. This shows the commutativity of the right rectangle in the diagram and concludes the proof of Theorem 1.3.
Let G be a finite group and b a block of kG with a nontrivial cyclic defect group P and inertial quotient E. We collect some well-known results on cyclic blocks, going back to Brauer, Dade, and Green. Our notation follows [15] (where proofs and further references can be found).
Set B = kGb, and denote by I a set of representatives of the conjugacy classes of primitive idempotents in B. We have ℓ(B) = |E| = |I|. For any i ∈ I, the projective indecomposable B-module Bi has uniserial submodules U i , V i such that U i + V i = J(B)i and U i ∩ V i = soc(Bi). One may choose notation such that Ω(U i ) ∼ = V ρ(i) for some ρ(i) ∈ I and Ω(V i ) ∼ = U σ(i) for some σ(i) ∈ I. The maps ρ, σ defined in this way are then permutations of I, and ρ • σ is a transitive cycle on I. The Brauer tree of B is defined as follows. Each vertex corresponds to exactly one ρ-orbit, or one σ-orbit. The edges are labelled by the elements in I, in such a way that the edge i connects the ρ-orbit i ρ of i with the σ-orbit i σ of i. The permutations ρ and σ induce cyclic permutations of the set of edges emanating from a fixed vertex. If |P | ≥ 3, then the 2|E| modules U i , V i , i ∈ I, are pairwise nonisomorphic, because they correspond to the simple k(P ⋊E)-modules and their Heller translates through a stable equivalence of Morita type between B and k(P ⋊ E). In particular, if |P | ≥ 3, then the modules U i , V i all have period 2|E|, for any even integer n and any i ∈ U i there is j ∈ I such that Ω n (U i ) ∼ = U j , and for any odd integer n and any i ∈ I there is j ∈ I such that Ω n (U i ) ∼ = V j .
Proposition 4.5. Let G be a finite group and b a block of kG with a cyclic defect group P of order at least 3. Set B = kGb. Let n be an integer such that the (B, B)-
induces a Morita equivalence. Then n is even. As a k(G × G)-module, M has vertex ∆P = {(u, u) | u ∈ P } and trivial source.
Proof. Since the functor M ⊗ B − is an equivalence, it permutes the isomorphism classes of simple modules in such a way that the induced permutation of the edges of the Brauer tree is a tree automorphism. By [12, 7.2] this automorphism stabilises a vertex (this is where we use that |P | ≥ 3). Thus there is a ρ-orbit or a σ-orbit which is stabilised by this automorphism. Suppose that the ρ-orbit i ρ of an edge i is stabilised. Thus M ⊗ B U i ∼ = U i ′ for some i ′ belonging to the ρ-orbit of i. Note that M ⊗ B U i ∼ = Ω n (U i ). By the above, we have
Since U i has period 2|E|, it follows that 2|E| divides n − m; in particular, n − m is even. Since also m is even, so is n. A similar argument applies if the Brauer tree automorphism stabilises a σ-orbit. The k(G × G)-module B has vertex ∆P and trivial source. Since the trivial kP -module k has period 2 and since n is even, it follows that M has vertex ∆P and trivial source. Proof of Theorem 1.4. Let G be a finite group and b a block of OG with a nontrivial cyclic defect group P and nontrivial inertial quotient E. Set B = OGb. Since E is nontrivial, the block B is not nilpotent, and hence |P | ≥ 3. Let M be a (B, B)-bimodule inducing a Morita equivalence. Since Pic(B) = E(B), the vertices of M are twisted diagonal subgroups of P × P isomorphic to P . We need to show that M has a trivial source, for some vertex. Since the trivial OP -module has period 2, it follows that M has a trivial source if and only Ω n B⊗OB op (M ) has a trivial source for some (and then necessarily any) even integer n. Therefore, by Corollary 4.6 we may assume that the functor M ⊗ B − stabilises the isomorphism classes of all finitely generated k ⊗ O B-modules. By [15, 4.3, 5.6] , the subgroup of Pic(B) of bimodules with this property is canonically isomorphic to Aut(P )/E, and by [15, 5.8] , the bimodules with this property correspond to algebra automorphisms of A extending group automorphisms of P , and hence these bimodules have trivial source. By the Remark 1.2, the group Out P (A) corresponds to the subgroup of Pic(B) of isomorphism classes of bimodules of the form Ω n B⊗OB op (B), where n is an integer such that this bimodule induces a Morita equivalence. Note that in that case we have Ω
is indeed a direct factor of Pic(B).
Proof of Theorem 1.5. Let G be a finite group and b a non-nilpotent block of OG with a Klein four defect group P . Set B = OGb. Every endopermutation OPmodule is a Heller translate of a rank one module. By [14, Theorem 1.1], B is Morita equivalent to either OA 4 or the principal block algebra of OA 5 , via a Morita equivalence with source a Heller translate of the trivial module. (Using the classification of finite simple groups it is shown in [6] that there is even a Morita equivalence with trivial source in these cases, but this is not needed for the present proof). By Lemma 2.8, we may assume that B is equal to one of these two algebras. Note that then B is its own source algebra.
If B = OA 4 , the result follows from Proposition 4.3; indeed, we have Out P (B) ∼ = C 3 , and Aut(P ) ∼ = S 3 , hence Aut(P )/E ∼ = S 3 /C 3 ∼ = C 2 , which acts nontrivially on Out P (B) and hence yields Pic(B) ∼ = S 3 .
Suppose that B is the principal block algebra OA 5 b 0 . As a very special case of Theorem 4.1, identifying OA 4 to its image in this algebra, induction and restriction yields a splendid stable equivalence of Morita type between B and OA 4 (this is wellknown and easy to verify directly). That is, we are in a situation of Lemma 2.8 in which V = O. By Theorem 1.3 we have an embedding Pic(B) → Pic(OA 4 ) ∼ = C 3 ⋊ C 2 which maps Out P (B) to the subgroup C 3 .
We show next that Out P (B) is trivial. Write A 4 = P ⋊ E with E ∼ = C 3 . We need to show that the nontrivial automorphisms of the form uy → ζ(y)uy of OA 4 (with ζ : E → k × a group homomorphism, u ∈ P , y ∈ E as above) do not extend to B. Indeed, if they did, then the three trivial source B-modules corresponding (through the stable equivalence between OA 4 and B) to the three linear characters of OA 4 would have to have the same rank because they would be transitively permuted by this automorphism group. This is not possible: the trivial character of OA 4 corresponds to the trivial character of B, while the two nontrivial characters of OA 4 correspond to B-modules of O-rank greater than 1 (because A 5 has no nontrivial character of rank 1). Thus Out P (B) is trivial.
It follows that Pic(B) embeds into C 2 . An automorphism of B given by conjugation with an involution in S 5 yields a nontrivial element in Pic(B), whence Pic(B) ∼ = C 2 .
Proof of Theorem 1.6
We assume in this Section that O has characteristic zero. For the description of Pic(B) as colimits of finite groups in Theorem 1.6, we will need the following lemmas. One of the key ingredients is Brauer's Lemma 1 from [3] , implying that if K is a field of characteristic 0 containing all p ′ -order roots of unity in an algebraic closure, then the Schur indices over K of absolutely irreducible characters of finite groups are all equal to 1.
Lemma 5.1. Let K be a field of characteristic 0 containing all roots of unity of order prime to p in an algebraic closure of K and let K 0 be a subfield of K containing all algebraic elements in K. Let G be a finite group and X a finite-dimensional
Proof. Since KG is semisimple, we may assume that X is a simple KG-module. Let K ′ be a splitting field for X containing K. Let Y ′ be a simple K ′ G-module which is isomorphic to a direct summand of K ′ ⊗ K X, and denote by ψ the character of Y ′ . The field K(ψ) generated by the values ψ(g), g ∈ G, is contained in K(ζ) for some root of unity of p-power order ζ, since K contains all roots of unity of order prime to p. The minimal polynomial of ζ over K has algebraic numbers as coefficients, hence is also the minimal polynomial of ζ over K 0 . Thus the restriction of field automorphisms of K(ζ) to K 0 (ζ) induces an isomorphism of Galois groups Gal(K(ζ) : 
Combining the above isomorphisms yields that the K 0 G-module
The following Lemma is well-known; we sketch a proof for convenience. As before, by a p-adic subring of O we mean a finite extension O 0 of the p-adic integers contained in O. Note that . Every element of W (k) is a limit of some sequence ( 0≤i≤n ζ i p i ) n≥0 , where ζ n ∈ W (k) × is a p ′ -root of unity, for all n ∈ N (see proof of Theorem 3, Chapter 2 of [32] ). Since every p ′ -root of unity in W (k) lies in a finite extension of Z p contained in W (k), it follows that W (k) is the completion of the union of the finite extensions of Z p contained in W (k). Hence, by an application of Krasner's lemma, we may assume that f (x) ∈ A[x], for some finite extension A of Z p contained in W (k) (see [32, Chapter 2, Exercises 1,2]). Consequently, π lies in a finite extension of A and hence in R. Since every element of O is a polynomial in π of degree at most the degree of f and with coefficients in W (k), it follows by the same reasoning as above that every element of O is a limit of a sequence of elements of R implying (1).
As shown above, π ∈ R. Thus the restriction of ν to E × has valuation group Z and ν| E is a discrete valuation. In order to show (2) we need to observe that R = E ∩ O. The inclusion ⊆ is trivial. For the reverse inclusion, any element in E ∩ O belongs to the fraction field L of some p-adic subring O 0 of O with nonnegative valuation, hence to the valuation ring of L, and that is precisely O 0 .
If L is a subfield of K containing Q p such that the degree of L/Q p is finite, then the valuation ring of L is a p-adic subring of O, and hence L is contained in E. Since E is the union of finite extensions of Q p , all elements in E are algebraic over Q p , whence statement (3). 6. On the finiteness and structure of Picard groups over p-adic rings
In this section we provide an alternative proof for the finiteness of Pic(B) for a block algebra B of a group algebra over a p-adic ring. We start out assuming that O has characteristic zero, and specialize later to the case that O is a p-adic ring. Write J(O) = πO for some prime element π of O. Let A be an O-algebra which is free of finite rank as an O-module. We use without further comment some standard facts relating automorphisms to Picard groups (see [ If O is a p-adic ring, G a finite group and B a block algebra of OG, then by a result of Hertweck and Kimmerle [11, 3.13] , the group Out r (B) is trivial, for r large enough. The proof of [11, 3.13 ] uses a theorem of Weiss in [35] (restated as Theorem 3.2 in [11] ). As a consequence of Maranda's theorem [7, (30.14) ], this remains true if O is not necessarily p-adic, but Maranda's theorem leads to a larger bound for r. More precisely, the smallest positive integer r for which Out r (B) is trivial in [11, 3.13] depends only on the ring O, while the lowest bound obtained from Maranda's theorem, applied to the O(G × G)-modules B and B α , with α ∈ Out r (B), would be an integer r such that π r O = π|G| 2 O. We give an elementary proof of the fact that Out r (B) is trivial for r large enough which does not require Weiss' results and which slightly improves on Maranda's bound; that is, we obtain a lower bound for r which depends on O and the size of a defect group of B. Proof. It suffices to show this for r = d + 1. Let α ∈ Aut r (B). In order to show that α is inner, we need to show that the (B, B)-bimodule B α is isomorphic to B. Equivalently, we need to show that B α and B are isomorphic as O(G× G)-modules. By the assumptions on α, we have a bimodule isomorphism B α /π r B α ∼ = B/π r B; in particular, B α /πB α ∼ = B/πB as k(G × G)-modules. Since p-permutation modules over k lift uniquely, up to isomorphism, to p-permutation modules over O, it suffices to show that B α is a p-permutation O(G × G)-module. Since B is relatively P × Pprojective, it suffices to show that B α is a permutation O(P × P )-module.
The hypotheses on α imply that for any x ∈ B we have α(x) = x + π|P |c x , for some c x ∈ B. Identify the defect group P to its image in B. Set v = x∈P α(x)x −1 . We have
for all x ∈ P . Thus v = |P | · 1 + π|P |a for some a ∈ B. Set u = 1 + πa; this element is clearly invertible in B and satisfies |P |u = v. We are going to show that uyu −1 = α(y) for all y ∈ P . This is equivalent to showing that uy = α(y)u, hence to vy = α(y)v. In order to show this, fix y ∈ P . Then If x runs over all elements of P , then so does y −1 x, and therefore this element is equal to α(y)v as required. This implies that composing α with the inner automorphism given by conjugation with u −1 yields an automorphism β which is the identity on P and which belongs to the same class as α in Out(B). The fact that u ∈ 1 + πB implies that β ∈ Aut 1 (B). Since the images of α and β in Out(B) are equal, it follows that B α ∼ = B β as (B, B)-bimodules, or equivalently, as O(G × G)-modules. Since β is the identity on P , it follows that B β , and therefore also B α , is a permutation O(P × P )-module (isomorphic to B as an O(P × P )-module). The result follows.
Combining Proposition 6.1 with [18, 3.5] yields a proof of the following result, including the finiteness of Pic(B) in Part (ii) in the case that O is a p-adic ring.
(i) The quotient Out r (A)/Out 2r (A) is abelian of exponent dividing psubgroup of finite index in Pic(B), it follows that Pic(B) is finite, and hence so is Pic(B), proving (ii).
For statement (iii), assume that k is an algebraic closure of F p . By (i), every element in Out 1 (B) has finite order, and hence it suffices to show that every element in Pic(B) has finite order. The result follows from Lemma 6.5.
Examples
Example 7.1. Let G be a finite group and let B be a nilpotent block of OG with a nontrivial defect group P . By results of Roggenkamp and Scott [30] (see also Weiss [34] , [35] ), we have a canonical group isomorphism 
